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5: In the elrpression for cms( last line of equations (4)) the 

exponent 2 should appear behind the brackets on the right-hand side. 
The equation is then correctly written as. 

0s 2 
I-& =-- 

sd2 
sin28 1 +x tan2e 

Q I dx 

9: In the expression for CN (fourth line of equations (9)) the II 

exponent 2 on the 
side should be 3, 

quantity rz in the first term on the right-hand 
so that the equation is correctly written as 

- Issued August 12, 1960 



1L 

r 
. 

NATIONAL AER0"FTICs AND SPACE ADMINISTRATION 

TECHNICAL NOTE D-149 

EQUATIONS AND CHARTS FOR 

DETERMINING THE HYPERSONIC STABILITY DERIVATIVES OF 

COMBINATIONS OF CONE FRUSTUMS COMPUTED BY 

" T O N I A N  IMPACT THEORY 

By Lewis  R.  Fisher 

SUMMARY 

Equations and charts  are presented from which the  Newtonian impact 
theory value2 of t h e  s t a b i l i t y  derivatives of cone frustums may be deter-  
mined f o r  small angles of a t tack.  
which the  coeff ic ients  f o r  a m i s s i l e  shape, which i s  made up of more than 
one cone frustum o r  a spherical  nose together with one o r  more cone f rus-  
tums, can be estimated by impact theory. 

A procedure i s  a l so  shown by means of 

INTRODUCTION 

m-h- -- 
Illc c u ~ l i g u . a t i o n s  of  missiles very of ten are formed by joining two 

o r  more cone frustums end t o  end. A s  a f i rs t  approximation, the  s t a b i l i t y  
der ivat ives  a t  hypersonic ve loc i t ies  f o r  such m i s s i l e  shapes may be esti-  
mated from Newtonian impact theory. I n  view of t he  simple geometric char- 
a c t e r i s t i c s  of cone frustums, design charts appear t o  be a convenient 
method f o r  estimating the  Newtonian coeff ic ients  for frustums ei ther  sepa- 
r a t e l y  o r  combined t o  form a complete missile. The purpose of t he  present 
paper i s  t o  develop such charts  f o r  angles of a t tack  approaching Oo and t o  
give examples of t he i r  appl icat ion for spec i f ic  missile configurations. 

SYMBOLS 

a * 
CN I 

smallest diameter of frustum of r i g h t  c i r cu la r  cone 

Normal force normal-force coeff ic ient ,  
$ pv2s 
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c, 

cP 

CX 

d 

S 

a 

e 

Pi tching moment 

1 2 pV2Sd 
pitching-moment coef f ic ien t ,  

Pressure d i f f e r e n t i a l  pressure coe f f i c i en t ,  ; pv2 

Axial force  axial-force coef f ic ien t ,  
1 pv2s 
2 L 

5 
reference diameter; the  l a r g e s t  diameter of cone frustum o r  4 

m i s s i l e  7 

length of frustum o r  missile 

angular pi tching ve loc i ty  

rad ius  of spher ica l  nose 

rad ius  of body as funct ion of x ( f o r  a cone, 
R ( x )  = x tan 8 )  

Ed' reference area, - 4 

r, free-stream ve loc i ty  

component of free-stream ve loc i ty  normal t o  surface of body 

dis tance rearward from o r i g i n  of axes 

dis tance of moment reference poin t  rearward from nose of body 

dis tance of nose of body rearward from o r ig in  of axes 

d is tance  of base of body rearward from o r i g i n  of axes 

dis tance of moment reference poin t  rearward from o r i g i n  of 
axes 

angle of a t t ack  

semiapex angle of cone frustum 
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h t ape r  r a t i o  of cone frustum, a/d 

P m a s s  dens i ty  of air 

w angular coordinate i n  cross-sectional plane of body (see  
f i g .  1) 

cNa = (2) 
a + O  

= (2) 
a -10 

Subscripts  : 

I, 11, 111 r e f e r s  t o  frustum ( see  f ig .  1) 

The symbols (SI; (f); nr (t.) fcllnwifig t h e  deriv%ti-;e for a conical 
frustum denote, respect ively,  t h e  contr ibut ion of t h e  conical  surface,  
of the f r o n t  face,  or t h e  t o t a l  derivative.  

ANALYSIS 

Basic Components 

Surface of cone frustum.- The equations for normal-force, axial- 
force,  and pitching-moment coef f ic ien ts  derived i n  reference 1 and appl ied 
t o  the  conica l  surface of t h e  frustums of r i g h t  c i r c u l a r  cones f o r  angles  
of a t t a c k  smaller than the  semiapex angles of the  cones a r e  



4 

Cp s i n  w dw 
xb 

c N = - 2 l X n  S 

xb fib 
Cx = g l %  R(x)tan e dx 

where % and xb a r e  the  d is tances  from the  o r i g i n  of axes t o  t h e  
f r o n t  face and t o  the  base, respect ively.  

The assumption bas i c  t o  the  Newtonian theory i s  t h a t  when the  air-  
stream s t r i k e s  a s o l i d  surface exposed t o  the  flow, it loses  the  compo- 
nent of momentum normal t o  the surface and moves along the  surface with 
the  tangent ia l  component of momentum unchanged. The Newtonian pressure 
coef f ic ien t  Cp i s  glven by 

c = 2 -  VN2 
P V2 

where the normal component of ve loc i ty  i s  given i n  reference 1 as 

vN = v cos a ( s i n  8 - t a n  a s i n  (o cos e )  

1 - q s i n  w[(x - xo) cos 8 + R(x)sin 8 

It should be noted t h a t  equations (1) a r e  not l imi ted  s p e c i f i c a l l y  t o  
cones b u t  apply equal ly  as w e l l  t o  any body of revolut ion which has i t s  
t o t a l  surface a rea  between xn and Xb exposed t o  t h e  airs t ream. For 
a cone, since R(x) = x t a n  8, t he  s t a b i l i t y  der iva t ives  r e s u l t i n g  from 
equations (1) f o r  angles of a t t ack  approaching zero become 

L 
5 
4 
7 
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s 

xb 
= - sin20 1 x [(x - ..> + x t a n 2 4  k 

Sd 
xn 

an xb 

Sd2 
%s = - - sin2@ 1% x [(x - xo) + x tan20]dx 

Because t h e  axial-force de r iva t ives  due t o  both angle of a t t a c k  and 
p i tch ing  are zero by the  Newtonian theory, the  axial-force coe f f i c i en t  
CX 
force  coe f f i c i en t  ( f o r  = = o enti q = 01 IS g iwn  by: 

will be discussed he rea f t e r  r a the r  than the  der iva t ives .  The ax ia l -  

V 

-X 

Sketch (a) 



6 

44 

The s t a b i l i t y  derivatives1 f o r  t h e  sloped s ides  of a cone frustum, denoted 
by t h e  symbol ( s ) ,  are obtained by performing the in t eg ra t ions  of equa- 
t i o n s  (4)  wi th in  t h e  l i m i t s  shown i n  sketch (a). It may be noted t h a t  
t h e  center-of-gravity loca t ion  i s  being taken at the  f r o n t  face  of t h e  
frustum such t h a t  xo = xn. The following equations r e s u l t :  

I 

, 
4 
‘i 

where 

A = 6A2(1 - h2)]  

c = = 3(1 -8h(1 - A4) - 7 
Equations (5)  are f o r  t h e  coe f f i c i en t s  based on the  base area of t h e  

cone frustum as the  reference area and the  base diameter as the  reference 
length.  The moment reference poin t  f o r  the %, C N ~ ,  and Cm equa- 

t i o n s  i s  t h e . f r o n t  face of t h e  cone frustum. For a f u l l  cone t h e  t ape r  
r a t i o  A is ,  of course, zero.  O f  poss ib le  use i n  simplifying computa- 
t i o n s  a re  the  following r e l a t ionsh ips  shown by  equations ( 5 ) :  

9 

1 
The s t a b i l i t y  de r iva t ives  due t o  v e r t i c a l  acce le ra t ion  

shown i n  reference 1 t o  be equal t o  zero by  t h e  Newtonian theory; there-  
fo re ,  these de r iva t ives  are not considered i n  t h e  present  ana lys i s .  
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The f a c t o r s  A, B, and C a re  given by equations (5a). 

7 

Front face of cone frustum.- The f l a t  face of the cone frustum has 
c e r t a i n  s t a b i l i t y  der iva t ives  of i t s  own when it i s  exposed t o  the  a i r -  
stream. These contributions may be found from equations ( 5 )  by allowing 
A t o  go t o  zero and 8 t o  90°. When referenced t o  the  base area and 
base diameter of the  cone frustum, the Newtonian values of t h e  s t a b i l i t y  
der iva t ives  due t o  the  f ron t  face are:  

( 7 )  

h q ( f )  = - k 
2 

For a f l a t  p l a t e  which i s  perpendicular t o  the  airstream, Cx = 2 and 
c, = - L  

9 2' 

Tota l  der iva t ives  f o r  a cone frustum.- The t o t a l  der iva t ive  may now 
be wri ta tden by adding equations ( 5 )  and ( 7 ) :  

1 C N u ( t )  = 2 cos28(i  - h2) 

C, ( t )  = 2C,in2e(l  - 7,') + A'] 

1 
3 t an  e [2 (1 - ~ 3 )  - 3h cos2e (1 - h 2 g  
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Cylinders.- A cylinder may be considered t o  be a spec ia l  case of a 
cone frustum f o r  which 8 = Oo and h = 1. Because t h e  upper surface 
of a cylinder a t  an angle of a t t ack  i s  not exposed t o  t h e  airstream, t h e  
integrat ions of t h e  pressure coe f f i c i en t s  i n  equations (1) should be 

" 

made within t h e  l imits 

s ive  discussion of t he  normal force on a cyl inder  a t  supersonic speeds 
and shows t h a t  t he  normal force derived from impact theory i s  propor- 
t i o n a l  t o  sin2a and t h a t  t h e  axial force  i s  zero.  The in tegra t ions  
of equations (1) when applied t o  a cyl inder  give t h e  r e s u l t  t h a t  t h e  

cylinder a r e  a l l  equal t o  zero. 

0 2 o 2 - 5. Reference 2 contains a comprehen- 

der iva t ives  CN, (S) ,  Cx(s), (+(s), C N ~ ( S ) ,  and C, (s) f o r  a L 
9 

Spherical  nose shapes.- I n  many cases the  shape of a 
may be approximated more c lose ly  by a port ion of a sphere 

5 
4 
7 missile nose 

than by a coni- 
c a l  frustum. 

R(x) 

4 

Sketch (b)  

i n  sketch (b ) .  The equations vhich 

The Newtonian values of t h e  
s t a b i l i t y  der iva t ives  f o r  port ions 
of a sphere were obtained from equa- 
t i o n s  (1) by subs t i t u t ion  of the  
r e l a t ionsh ips  

R(x) = b ( 2 r  - x)]'l2 

s i n  e = 1 - ( X / r )  
U 

and by performing t h e  in tegra t ions  
from xn = 0 t o  xb = 2 .  I n  t h i s  
der ivat ion,  ~0 = xcgJ r i s  the  
radius  of curvature of t he  spher ica l  -' as shown port ion,  and 8 = t a n  

r e s u l t  are : 
dx 



!L 

*. 

4 

2 c = -  fir H2 
Na s 

Cx = S H[(:,' - 2($) + 23 

C"a=-Sd lrr3 H2@ - ?) 
r 

Cq = - z H 2 b  4 - %) 2 Sd2 
J 

9 

3 

> 
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(9) 

S = r r r H  2 

d = 2rH1I2 

wnereupon the following equations r e s u l t  when x i s  taken as zero: cg 

cx = ($)2 - 2 ( 3  + 2 1  

c m q = - F  1 J 
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Of i n t e re s t  i s  the  f a c t  t h a t  t he  damping-in-pitch coe f f i c i en t  Cmq of * 
a spherical  segment when it i s  based on i t s  own base area and diameter 
i s  constant regardless  of t he  length of t he  segment. For a hemisphere 
(I = l), equations (10) reduce t o  

I 

. 
= 1  

c N a  

cx = 1 

c m a = - 2  1 

Equations (10) can then be used i n  place of equations (8) i n  the  event 
t h a t  the nose of the  missile i s  spher ica l  r a t h e r  than a cone frustum. 

Axis t r ans fe r  equations.- The s t a b i l i t y  der iva t ives  f o r  a cone f rus -  
t u m  may be computed about any point  on i ts  axis of symmetry other  than 
on the  f ron t  face.  For example, t he  t r a n s f e r  equations f o r  the  t o t a l  
der iva t ive  a re  given by 

u . 

where the  zero subscripted der iva t ives  are computed from equations (8) 
about t he  f ron t  face,  
from the f ron t  face,  and d i s  t h e  base diameter. The r a t i o  xcg/d 
can be wr i t t en  i n  terms of t h e  length of t he  cone frustum a s  

xcg i s  the  dis tance measured rearward pos i t i ve ly  

(1 - A) - xca 
d 1 2 t a n  8 
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I f ,  f o r  example, it i s  des i red  t o  t ransfer  t he  moment der iva t ives  t o  a 
poin t  one-third of t h e  length rearward from the  face,  then 

would be used i n  equations (12).  In the case of a spher ica l  segment, 

Comb i n a t  ion of Components 

In  xany cases, missile shapes are derived by the  joining of two or  
more cone frustums. 
joined end t o  end i n  t h e  manner shown i n  figure 1. 
of the  s t a b i l i t y  der iva t ives  f o r  such a missile shape may be computed 
from t h e  der iva t ives  of t he  separate  cone frustums i n  three s teps :  

In  the example used herein,  th ree  cone frustums a r e  
The Newtonian values 

(1) Computation of der iva t ives  f o r  each frustum separa te ly  about 
i t s  own face.  

(2)  Transfer of moment der ivat ives  t o  a common ax i s  f o r  a l l  three 
frustums. 

(3)  Addition of der iva t ives  for  separate frustums with proper regard 
f o r  using the  same reference area and diameter. 

Computation of der ivat ives . -  The s t a b i l i t y  der iva t ives  of the  ind i -  
vidual cone frustums are computed separately from equations (8) o r  ( 5 ) ,  
depending upon whether the  t o t a l  der ivat ive o r  only the  s ide  cont r ibu t ion  
i s  required,  o r  the  der iva t ives  may be estimated from the  cha r t s  presented 
herein.  The der iva t ives  are given subscripts I, 11, o r  I11 depending 
upon t h e  frustum t o  which they per ta in .  

Transfer of axes.- The moment der ivat ives  ca lcu la ted  i n  s t e p  (1) a r e  
t r ans fe r r ed  t o  a common axis by means of equations (12).  For a m i s s i l e  
made up of th ree  cone frustums, t he  t ransfer  d i s tance  x /d f o r  each 
frustum i s  given i n  terms of 8 and h by 

cg 

(3111 = ...I[(?) I1 - ; G I 1 1  
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where n 

1 An 
Gn = 

t a n  8, 

and the subscr ipt  n r e f e r s  t o  the  number of t he  frustum (I, 11, or  
111). 
por t  ion 

I f  one port ion of t he  missile should be cy l indr ica l ,  then fo r  t h a t  

G n = 2 -  In 
dn 

where 2, i s  the  numerical length of t he  cy l ind r i ca l  port ion.  If t h e  
nose of t he  miss i le  should be a spher ica l  segment, then 

where H i s  given by equation (9a) .  

Addition of components.- The s t a b i l i t y  der iva t ives  f o r  t he  individ-  
u a l  cone frustums are now refer red  t o  a common area and diameter, which 
i n  t h i s  instance are those f o r  t he  base of t he  f i n a l  frustum of t h e  m i s -  
s i l e ,  and added together:  

I n  equations (14), it i s  important t o  note t h a t  t h e  der iva t ives  f o r  
t h e  f i r s t  frustum are  calculated from equations (8) and include the  con- 
t r i bu t ions  of the  f ron t  face,  whereas those f o r  t h e  succeeding frustums 
are calculated from equations ( 5 )  since the  forward faces  of these  por- 

Cx and C coe f f i c i en t s  do any differences e x i s t  between equations ( 5 )  
and (8),  equations (14) a re  expressed i n  p a r a l l e l  fashion f o r  consistency. 

t i o n s  are shielded from the  airf low.  Although only i n  the  cases of t he  * 

m 

L z 
7 
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PRESENTATION OF RESULTS 

Charts are presented i n  figures 2 t o  6 giving the  va r i a t ions  as 
funct ions of 8 and A of the  s t a b i l i t y  der iva t ives  f o r  conical  f rus -  
tums ca lcu la ted  by means of equations (8). These a r e  the  t o t a l  der iva-  
t i v e s  which include both the  front-face and conical-surface contr ibut ions.  
The coe f f i c i en t s  are r e fe r r ed  t o  t h e  base a rea  and base diameter of t h e  
frustum and t o  a moment center  at i t s  forward face.  

It may be noted t h a t  the  s t a b i l i t y  der iva t ives  f o r  a l l  cone frustums 
are completely defined as funct ions of two parameters, t h e  semiapex angle 
8 and the  t ape r  r a t i o  A. However, the  length of t he  cone frustum ( see  
sketch i n  f i g .  2, f o r  example) w i l l  vary with changes i n  8 and h 
according t o  the  equation 

Thus, f o r  f3 = 0 and A equal t o  values o ther  than uni ty ,  t he  cone 
frustum i s  of i n f i n i t e  length.  Caution should be exercised, therefore ,  
i n  i n t e rp re t ing  the  s ignif icance of the der iva t ives  f o r  extremely s m a l l  
values of 8. 

I n  combining cone frustums i n t o  missile shapes, C x ( t )  and C m q ( t )  
f o r  t h e  f i r s t  frustum miust  be tnker? frnm figwes 3 2nd 6 because the  
f ron t  face i s  exposed t o  t h e  airstream. 
however, the  f r o n t  faces  are shielded from t h e  airstream, and Cx(s) and 
C ( s )  must be used. These der ivat ives ,  computed from t h e  r e l a t ionsh ips  
given i n  equations ( 5 )  are presented as funct ions of 0 and h i n  
f igu res  7 and 8. 

For t h e  subsequent frustums, 

mq 

For i l l u s t r a t i v e  purposes, t he  e f f e c t s  of s h i f t i n g  t h e  moment refer- 
ence poin t  rearward one-third the  length of t he  frustum are shown f o r  
\ ( t ) ,  CN ( t) ,  and C, (t)  i n  f igures  9, 10, and 11. 

9 9 

The s t a b i l i t y  der iva t ives  f o r  spherical  segments which may be used 
as missile noses are presented i n  f igure  12. These coe f f i c i en t s  were 
computed by means of equations (10) for  t h e  condition x = 0 and are 
based on t h e  base a rea  S and base diameter d of t h e  spher ica l  sec tor .  

cg 

A representa t ive  miss i le  shape was assumed t o  be made up of three 
cone frustums joined end t o  end i n  the manner shown i n  f igu re  1. Calcu- 
l a t i o n s  were m a d e  t o  determine the  trend of t h e  s t a b i l i t y  der iva t ives  of 
t he  mis s i l e  as 8 and h were varied separa te ly  f o r  each of t h e  three 
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a 
cone frustums. 
u re s  13 t o  18. 
t h e  base of t he  t h i r d  frustum and are r e fe r r ed  t o  a moment reference U 

poin t  one-half t he  length of the  e n t i r e  missile rearward from the nose. 
It should be noted t h a t  as 8 o r  h was var ied  f o r  any of t he  frustums 
which form the  m i s s i l e  shape, the  moment reference poin t  was a l s o  s h i f t e d  
by v i r tue  of the  r e s t r i c t i o n  t h a t  

The r e s u l t s  of these  ca lcu la t ions  a r e  presented i n  f i g -  
The coe f f i c i en t s  a r e  based on t h e  area and diameter of 

xcg - 1 
Z' -2 - 

If one port ion of a mis s i l e  which i s  cy l ind r i ca l  should be followed 
by a conical frustum, then p a r t  of t h e  upper surface of t h e  frustum w i l l  
be shielded from the  a i r  flow by the  cyl inder  which precedes it a t  an 
angle o f  a t tack .  Because the  r e s u l t s  here in  are presented f o r  angles of 
a t t ack  which approach zero, however, it i s  f e l t  t h a t  any e r r o r  assoc ia ted  
with the shielding e f f e c t  w i l l  be s m a l l .  I n  addi t ion,  the e f f e c t s  of 
cen t r i fuga l  forces  i n  the flow around bodies of revolut ion have been 
neglected. The r e s u l t s  presented may be modified t o  account for t he  
difference between the  Newtonian pressure coe f f i c i en t  and the  t h e o r e t i c a l  
adiabat ic  pressure coef f ic ien t  by the  method of reference 3. 

CONCLUDING REMARKS 

Equations and cha r t s  a r e  presented from which t h e  Newtonian impact 
theory values of the s t a b i l i t y  der iva t ives  of cone frustums may be de ter -  
mined. The char t s  a r e  intended t o  present  these  der iva t ives  f o r  reason- 
ab le  values of t he  length- to-dimeter  r a t i o  of conica l  frustums which may 
be used i n  mis s i l e  configurations.  

+ 

A procedure i s  a l so  given by means of which the  s t a b i l i t y  der iva t ives  
f o r  a miss i le  shape which i s  made up of more than one cone frustum, o r  a 
spherical  nose together  with one o r  more cone frustums, can be estimated 
by impact theory. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field,  V a . ,  August 12, 1959. 
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Figure 2.- Tota l  normal-force slope f o r  a cone frustum ca lcu la ted  from 
Newtonian theory.  

t i o n  t a n  0 = 

The geometric parameters are r e l a t e d  by t h e  equa- 
l - h  
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Figure 3 . -  Tota l  axial-force coe f f i c i en t  f o r  a cone frustum calculated 
The geometric parameters are r e l a t e d  by the + f rom Newtonian theory.  
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Figure 4.- Tota l  s t a t i c - s t a b i l i t y  coef f ic ien t  f o r  a cone frustum calcu- 
The geometric parameters are l a t e d  from Newtonian theory.  xc@; = 0. 

2 

related by t h e  equation t a n  8 = - 1 - h  
. 2(2/d)'  
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Figure 5.- Total normal-force-due-to-pitching coefficient calculated 
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from Newtonian theory. 3 = 0. The geometric parameters are related * 
2 

by the equation tan 8 = - 
2(2/d)' 
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cone frustum calculated by Newtonian theory. 
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Figure 14.- Effect  on Newtonian coef f ic ien ts  of varying 81- f o r  a m i s -  
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s i le  configuration made up of cone frustums. 1 2. 
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Figure 15.- Effect  on Newtonian coef f ic ien ts  of varying €IIII f o r  a m i s -  
X 1 -% = - s i le  configuration made up of cone frustums. 
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Figure 18.- Effect  of Newtonian coef f ic ien ts  of varying hIII 
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fo r  a m i s -  

cg 1 X 
s i le  configuration made up of cone frustums. 
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